Let f : X → S be a surjective morphism of finite type between connected locally Noetherian normal schemes. We discuss sufficient conditions that the sequence ofétale fundamental groups
2.5). Then the sequence (1) is exact if and only if the greatest common divisor of the multiplicities of the irreducible components of each closed fiber of f is 1.
We apply the above results to the case where f : X → S is a morphism from a regular variety to a hyperbolic curve (cf. Definition 2.5). In particular, we prove that a certain morphism is characterized by the property that the kernel of the induced homomorphism betweenétale fundamental groups is topologically finitely generated (see Theorem 4.2 for more details):
Theorem 0.5. (cf. Theorem 4.2) Suppose that S is a hyperbolic curve over a field of characteristic 0, and that the scheme X is regular. The following three conditions are equivalent.
1. The greatest common divisor of the multiplicities of the irreducible components of each closed fiber of f is 1.
2. The sequence (1) is exact.
3. The group Ker(π 1 (X, * ) → π 1 (S, * )) is topologically finitely generated.
Note that condition 1 is stated only in the language of schemes and that condition 3 is stated only in the language of groups. Such a statement is natural in the framework of anabelian geometry (cf. [Tama1] , [Moch1] , [Ho1] ). In anabelian geometry, we attempt to get information of varieties from theiŕ etale fundamental groups. In this sense, Theorem 0.5 may be regarded as a group theoretical characterization of a morphism as in condition 1.
Let us explain the proofs of homotopy exact sequences. Let X ′ → X be anétale covering space whose pull-back X ′ × S η → X × S η has a section. To show that the sequence (1) is exact, we need to construct anétale covering S ′ → S such that the pull-back X × S S ′ is isomorphic to X ′ over X. In [SGA1] , the Stein factorization of the morphism X ′ → S plays role of S ′ .
Since f is not proper in [Ho1] , the normalization of S in the function field of X ′ plays role of S ′ there. (In the present paper, we need to use the normalization of S in the separable closure of the function field of S in the function field of X ′ ). In [Ho1] and [Mit] , they replace X by another scheme over S which is fiathfully flat with geometrically normal fibers to show that the morphism S ′ → S isétale. In our situation, we can not find such a good scheme.
If the scheme S is regular, it suffices to show that the morphism S ′ → S isétale over an open subscheme of S whose complement is of codimension ≥ 2 by Zariski-Nagata purity. If the scheme S is not regular, we need to assume that the morphism f is flat (cf. Example 3.8.1). In this case, we use Serre's criterion for normality to compare the morphism X ′ → X and the morphism S ′ → S.
The content of each section is as follows: In Section 1, we give the proof of Theorem 0.2. In Section 2, we discuss properties of Dedekind schemes to have many tame extensions. In Section 3, we give the proofs of Proposition 0.3 and Proposition 0.4. In Section 4, we give the proof of Theorem 4.2. In Section 5, we discuss the property (F). In Section 6, we discuss the homotopy exact sequence for geomerically connected (not necessarily generic) fibers.
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Sufficient conditions
In this section, we give the proof of Theorem 0.2 in a generalized setting.
Let f : X → S be a surjective morphism essentially of finite type between connected locally Noetherian normal separated schemes. We write K(X) (resp. K(S)) for the function field of X (resp. S). Take a geometric generic point η of S and write X η for the scheme X × S η. Suppose that X η is connected (and hence irreducible). Take a geometric point x of X η . Then we obtain the following sequence ofétale fundamental groups:
Remark 1.1. 1. Let S ′ → S be a finiteétale morphism which the morphism η → S factors through. The sequence (2) is exact if and only if the sequece
2. Since f is generically geometrically connected, the homomorphism
4. Thus, the sequence (2) is exact if and only if
First, we recall sufficient conditions given by Hoshi and Mitsui which generalize Proposition 0.1. • The morphism p is dominant and induces an outer surjection π 1 (Y ) → π 1 (X).
• The morphism f is generically geometrically integral.
• The composite morphism f • p is of finite type, faithfully flat, geometrically normal, and generically geometrically connected.
Then the sequence (2) is exact. Since the schemes X and S are normal, these schemes enjoy the following properties: Lemma 1.4. Let U be a connected locally Noetherian normal scheme. Write K(U ) for the function field of U .
1. Let * be a geometric point of Spec K(U ). Then the homomorphism π 1 (Spec K(U ), * ) → π 1 (U, * ) is surjective.
2. Let V → U be a connectedétale covering space. Write K(V ) for the function field of V . Let L be an intermediate field of
Then the normalization W of U in L is anétale covering space of U .
Proof. Assertion 1 is well-known, and assertion 2 follows from assertion 1.
We rephrase the exactness of the sequence (2) in terms ofétale covering spaces of X. Proposition 1.5. The following four conditions are equivalent.
2. Let C be a π 1 (X, x)-set. Suppose that there exists a π 1 (X η , x)-orbit of C which is trivial. Then there exist a connected π 1 (S, x)-set D and a π 1 (X, x)-equivariant isomorphism between D and C.
3. Let X ′ be a connectedétale covering space of X. Suppose that thé etale covering space X η × X X ′ → X η has a section. Then there exist ań etale covering space S ′ → S and an X-isomorphism between X × S S ′ and X ′ .
4. Let X ′ be a connectedétale covering space of X. Write K X ′ /S for the separable closure of K(S) in the function field of X ′ . The normalization N X ′ /S of S in K X ′ /S isétale over S.
Proof. Since the homomorphism π 1 (X, x) → π 1 (S, x) is surjective, condition 1 is equivalent to condition 2. The equivalence of 2 and 3 is clear.
We prove the equivalence of 3 and 4. Let X ′ be a connectedétale covering space of X. Write K(X ′ ) for the function field of X ′ , K X ′ /S for the separable closure of K(S) in the function field of X ′ , and N X ′ /S → S for the normalization of S in K X ′ /S . First, we prove the implication 3 ⇒ 4. Write K(XN ) for the composite field K(X)K X ′ /S in K(X ′ ). The normalization X N of X ′ in K(XN ) isétale covering space of X by Lemma 1.4. Moreover, since theétale covering space X η × X X N has a section, there exists a finiteétale covering space S ′ → S and an X-isomorphism X N ∼ = X × S S ′ by condition 3. Therefore N X ′ /S is isomorphic to S ′ over S and thus condition 4 holds.
Next, we prove the implication 4 ⇒ 3. Suppose that the morphism X η × X X ′ → X η has a section. By condition 4, N X ′ /S is anétale covering space of S. It suffices to show that the induced morphism φ : X ′ → X × S N X ′ /S is an isomorphism. Since X × S N X ′ /S isétale over X and connected, the morphism φ is finiteétale surjective. The number of connected components of X η × S N X ′ /S coincides with the covering degree of N X ′ /S over S. On the other hand, the number of connected components of
Therefore, there is a bijective between the set of connected components of X η × X X ′ and that of X η × S N X ′ /S . By the assumption of the section, we can show that the covering degree of X ′ over X × S N X ′ /S is 1. Thus, condition 3 holds.
Recall that we do not assume that the scheme S is regular. Since we can not use Zariski-Nagata purity theorem, we show the following technical lemma needed later. Lemma 1.6. Let S ′ be an integral scheme and S ′ → S a quasi-finite dominant morphism.
1. Suppose that f is flat, and that the extension between the function fields of S ′ and S is separable. Then the scheme X × S S ′ is integral.
2. Moreover, suppose that the scheme S ′ is normal, and that the morphism S ′ → S isétale over each point of S whose local ring is of dimension 1. Then the scheme X × S S ′ is normal.
Proof. Write K(S ′ ) for the function field of S ′ . Since f is generically geometrically connected, the scheme X × S Spec K(S ′ ) is integral. Therefore, assertion 1 follows from flatness of f . By Serre's criterion for normality, it suffices to show that the scheme X × S S ′ satisfies (R 1 ) and (S 2 ) to prove assertion 2. Any point of the scheme X × S S ′ over a point of S ′ whose local ring is of dimension ≤ 1 is normal by the assumption of the morphism S ′ → S. Since f is flat, the image of any point of the scheme X × S S ′ whose local ring is of dimension 1 is a point of S ′ whose local ring is of dimension ≤ 1. Therefore, X × S S ′ satisfies (R 1 ). Since f is flat, any point of the scheme X × S S ′ over a point of S ′ whose local ring is of dimension ≥ 2 is of depth ≥ 2. Therefore, the scheme X × S S ′ satisfies (S 2 ). Proposition 1.7. Suppose that f is flat or S is regular. Then the four conditions in Proposition 1.5 is equivalent to the following condition:
5. Let X ′ be a connectedétale covering space of X. Write K X ′ /S for the separable closure of K(S) in the function field of X ′ . The normalization N X ′ /S of S in K X ′ /S isétale over each point of S whose local ring is of dimension 1.
Proof. The implication 4 ⇒ 5 is clear. We prove the implication 5 ⇒ 4. By condition 5, the morphism N X ′ /S → S isétale over each point of S whose local ring is of dimension ≤ 1. If S is regular, the morphism N X ′ /S → S iś etale by Zariski-Nagata purity (cf. Proposition 3.2). Hence we may assume that f is flat. The scheme X× S N X ′ /S is normal by Lemma 1.6, and therefore the morphsim X × S N X ′ /S → X isétale by Lemma 1.4. Since f is faithfully flat, the morphism X × S N X ′ /S → X is alsoétale. We finish the proof of Proposition 1.7.
Definition 1.8. Let ι i : k ֒→ K i (1 ≤ i ≤ n) be inclusions of fields. We say that the inclusions {ι i } satisfy the property (F) if the following condition is satisfied: (F): For any algebraic separable extension L i of K i (1 ≤ i ≤ n) and any subfield l of the product ring 1≤i≤n L i which is algebraic over the diagonal subfield k defined by ι i , the extension k ⊂ l is separable.
Remark 1.9. 1. If K i is geometrically reduced over k for some i, the inclusions {ι i } satisfy the property (F). In fact, if k is purely inseparably closed in K i (i.e., k p −∞ ∩ K i = k) for some i, the inclusions {ι i } satisfy the property (F).
2. We discuss the property (F) in Section 5. Definition 1.10. We say that f satisfies the property (R) if the following condition is satisfied. (R): Let s be a point of S whose local ring is of dimension 1. Write ξ 1 , . . . , ξ n for the generic points of the scheme f −1 (s), e i for the multiplicity of ξ i , and k(ξ i )(resp. k(s)) for the residual field of ξ(resp. s). Then gcd (e 1 , . . . , e n ) = 1 and the inclusions k(s) ֒→ k(ξ i ) satisfy the property (F).
We prove the main theorem of the present paper (cf. Theorem 0.2) Theorem 1.11. Suppose that f satisfies the property (R), and that one of the following conditions are satisfied.
• The morphism f is flat.
• The scheme S is regular.
Then the sequence (2) is exact.
Proof. By Remark 1.1, it suffices to show that
Let X ′ → X be a finiteétale covering space. Write K X ′ /S for the separable closure of K(S) in the function field of X ′ . By Proposition 1.7, it suffices to show that the normalization N X ′ /S of S in K X ′ /S is finiteétale over S at each point of N X ′ /S whose local ring is of dimension 1. Let n be such a point of N X ′ /S . Write s for the image of n in S. It suffices to show that the extensions of the discrete valuation rings O S,s ⊂ O N X ′ /S ,n are unramified. Therefore, the assertion follows from the hypothesis of Theorem 1.11.
Remark 1.12. If the morphism f is not flat and the scheme S is not regular, Theorem 1.11 does not holds in general (cf. Example 3.8.1).
Lemmas for Dedekind schemes
In this section, we discuss some properties of Dedekind schemes which we use in Section 3.
A fundamental lemma
We proves a lemma for Dedekind schemes needed later .
Lemma 2.1. Let R be a strict henselian discrete valuation ring. Write K for the field of fractions of R. Let K ′ be a finite tamely ramified extension field of K. Write R ′ for the normalization of R in K ′ and e ′ for the ramification index of this extension K ⊂ K ′ . Let A be a discrete valuation ring which dominates R whose ramification index is e. Suppose that the field of fractions L of A is geometrically connected over K and that e is divisible by e ′ . Then the normalization A ′ of A ⊗ R R ′ (cf. Lemma1.6.1) isétale over A.
Proof. Let A be a strict henselization of A. Then A ⊗ A A ′ is normalization of A ⊗ A R ′ (in its total ring of fractions). Therefore, it suffices to show that A ⊗ A R ′ is the product ring of e ′ copies of A. Let ̟ (resp. ̟ ′ ; ̟ A ) be a uniformizer of R (resp. R ′ ; A). There exists a unit u ′ (resp. u A ) of
ζ e ′ is a primitive e ′ -th root of unity in A. Therefore, A ⊗ A A ′ is isomorphic to
. We finished the proof of Lemma 2.1.
Examples of Dedekind schemes
We discuss whether there exists a convenient (cf. Definition 2.2) tame covering of a given Dedekind scheme.
Definition 2.2. 1. Let S be a scheme. We shall say that S is a Dedekind scheme if S is connected, locally Noetherian, normal, and of dimension 1.
2. Let S be a Dedekind scheme. We say that S has the property (T) if, for each closed point s ∈ S and a prime number l which is not divisible by the characteristic of the residual field of s, there exist a normal scheme S ′ and a finite dominant morphism S ′ → S which satisfy the following conditions:
• The morphism S ′ → S is finite Galoisétale over S \ {s}.
• The ramification index of s is l.
Remark 2.3. The conditions of S ′ is equivalent to the following condition:
• The ramification indices are divisible by l for all closed points of the scheme S ′ over the point s.
• There exists a closed point of S ′ over s whose ramification index is l.
• The morphism S ′ → S is finiteétale over S \ {s}.
Lemma 2.4. Let R be a semi-local Dedekind domain (hence a principal ideal domain). Then the scheme S = Spec R satisfies the property (T).
Proof. Write K for the field of fractions of R, m i (1 ≤ i ≤ n) for the maximal ideals of R, and p i (1 ≤ i ≤ n) for the characteristic of R/m i . Let l be a prime number which is not divisible by p 1 . By Chinese Remainder Theorem, we can choose elements a and b of R which satisfy the following conditions:
Then the extension of K defined by the polynomial T l − aT − b satisfies the condition in Remark 2.3. Therefore, the Dedekind scheme S satisfies the property (T).
Definition 2.5. Let k be a field and C a scheme over k.
1. We say that C is a smooth curve over k if the structure morphism C → Spec k is smooth of relative dimension 1 and geometrically connected.
Let C be a smooth curve over k and k be the algebraic closure of k. Write C for the smooth compactification of C over k, g C for the genus of C, and r C for the number of closed points of the scheme (C \ C) × Spec k Spec k.
2. We say that C is proper rational if g C = r C = 0.
3. We say that C is a hyperbolic curve if 2g C +r C −2 > 0 and the reduced closed subscheme C \ C of C is finiteétale over Spec k.
Lemma 2.6. Let k be a field and S a smooth curve over k. Suppose that S is not proper rational. Then the Dedekind scheme S satisfies the property (T).
Proof. We may assume that the field k is algebraically closed. Take s ∈ S and l as in Definition 2.2. If S is not proper, choose a point s ′ of S \ S, where S is the smooth compactification of S over k. Then there exists a finite dominant morphism S ′ → S from a proper smooth curve S ′ over k to S which is a Z/lZ-étale covering over S \ {s, s ′ } and totally (tamely) ramified over s and s ′ . Therefore, S satisfies the property (T).
If S is proper, the genus of S is not 0. Thus, there exists a nontrivial finite Galoisétale covering S ′ → S. Choose two closed points s 1 and s 2 of S ′ over s. Then there exists a Z/lZ-Galois covering S ′′ → S ′ which is finité etale over S ′ \ {s 1 , s 2 } and totally ramified over s 1 and s 2 . By Remark 2.3, S satisfies the property (T).
Necessary conditions
In this section, we show that the conditions in Theorem 1.11 is necessary to obtain a homotopy exact sequence in some cases.
Let f, X, S, η, X η , and x be as in Section 1. In this section, we suppose that the morphism f is generically geometrically reduced (cf, Remark 3.1.1), and that the scheme X is regular (cf, Example 3.8.2). Moreover, suppose that the morphism f is flat. Since f is faithfully flat, it follows that S is also regular.
Remark 3.1.
1. Suppose that S is a smooth curve over an algebraically closed field k of positive characteristic and write F : S → S for the absolute Frobenius morphism of S. Then the composite morphism F • f (always) does not satisfy the condition in Theorem 1.11 even if f does (and hence we have a homotopy exact sequence associated to f ).
2. Since f is formally smooth at the generic point of S ′ , there exists an dense open subset of S such that f is formally smooth there.
We can use Zariski-Nagata purity theorem since we assume that X is regular.
Proposition 3.2. (Zariski-Nagata purity) Let U be a connected regular scheme, X a connected normal scheme, and φ : X → U a quasi-finite dominant morphism. Then the ramified locus of φ is a closed subset of X of pure codimension 1.
Proof.
[SGA1] Exp.X.Théorème de pureté 3.1.
Theorem 3.3. Suppose that there exist a connected normal scheme S ′ and a finite dominant morphism S ′ → S which satisfy the following conditions:
• The morphism S ′ → S isétale over the generic point of S (cf. Proposition 3.2).
• Let s ′ be a point of S ′ whose local ring is of dimension 1. Write s for the image of s ′ in S. Then the extension of discrete valuation rings O S,s ⊂ O S ′ ,s ′ is at most tamely ramified with ramification index e s ′ .
• Let ξ be a generic point of the scheme f −1 (s) and write e for the multiplicity of ξ. Then e is divisible by e s ′ .
Then the normalization X ′ of the scheme X × S S ′ in its function field iś etale over X. Moreover, the sequence (2) is not exact.
Proof. Note that the scheme X × S S ′ is integral by Lemma 1.6.1. By ZariskiNagata purity, it suffices to show that the morphism X ′ → X isétale over ξ i (1 ≤ i ≤ n). Therefore, we may assume that S is the spectrum of the discrete valuation ring Spec O S,s , where O S,s is the local ring at s. Write O sh S,s for the strict henselization of O S,s . By pulling-back all schemes by the morphism Spec O sh S,s → Spec O S,s and using Lemma 1.6, we may assume that S is the spectrum of a strict henselian discrete valuation ring. Moreover, we may assume that X is the spectrum of the discrete valuation ring Spec O X,ξ , where O X,ξ is the local ring at one of ξ i (1 ≤ i ≤ n). Therefore, Theorem 3.3 follows from Lemma 2.1 and Proposition 1.5.
Remark 3.4. Suppose that the scheme S is quasi-compact (hence Noetherian), and that the morphism f is of finite type. Then the set {s ∈ S : dim O S,s = 1, e s = 1} is finite by Remark 3.1.2.
Corollary 3.5. Suppose that the following conditions are satisfied:
• S is a Dedekind scheme and satisfies the property (T) (cf. Definition 2.2, Lemma 2.4, Lemma 2.6).
• Let s be a closed point of S and ξ 1 , . . . , ξ n generic points of the scheme f −1 (s). Write e i for the multiplicity of ξ i , k(ξ i )(resp. k(s)) for the residual field of ξ(resp. s), and p(s) for the characteristic of the field k(s). Then (e s =) gcd (e 1 , . . . , e n ) is not divisible by p(s) and the inclusions k(s) ֒→ k(ξ i ) satisfy the property (F).
Then the sequence (2) is exact if and only if e s = 1 for each closed point s of S.
Proof. Corollary 3.5 follows from Theorem 1.11 and Theorem 3.3.
Example 3.6. (cf. Proposition 0.3) We discuss the conditions of Corollary 3.5.
1. Suppose that S is the spectrum of a discrete valuation ring with perfect residual fields of characteristic p. Then the property (T) and (F) are automatically satisfied (cf. Lemma 2.4 and Remark 1.9). Therefore, we only need to suppose that e s is not divisible by p to apply Corollary 3.5.
2. Suppose that S is the spectrum of semi-local Dedekind domain which contains Q. Then all the conditions of Corollary 3.5 are automatically satisfied (cf. Lemma 2.4 and Remark 1.9).
Proposition 3.7. (cf. Proposition 0.4) Suppose that S is a smooth curve over a field k of characteristic 0. Moreover, suppose that S is not proper rational. Then the sequence (2) is exact if and only if the greatest common divisor of the multiplicities of the irreducible components of each closed fiber of f is 1.
Proof. Proposition 3.7 follows from Lemma 2.6 and Corollary 3.5.
Example 3.8. Let k be an algebraically closed field, C ′ a smooth curve overk, and σ an automorphism of C ′ over k of prime order l (> 2). Write C ′ → C for the quotient scheme of C ′ by Z/lZ = σ , c ′ i (1 ≤ i ≤ n) for ramified points of C ′ , and c i (1 ≤ i ≤ n) for the image of c ′ i in S. Write B ′ for the scheme obtained by blowing-up at each point (c 
; 1 ≤ i, j ≤ n} is the ramified locus of the morphism C ′ × Spec k C ′ → Z, the scheme Z is not regular but normal by Proposition 3.2. On the other hand, the morphism Y ′ → Y isétale.
1. We show that Theorem 1.11 does not hold in general if the morphism f is not flat and the scheme S is not regular. Consider the case where f is the morphism Y → Z. Since the dimensions of fibers of X → S are 0 or 1, f is not flat.
It holds that X η = η. Moreover, theétale covering space Y ′ → Y is not induced by anétale covering space of Z. Therefore, the sequence (2) is not exact for this morphism.
2. We show that Proposition 3.7 does not hold in general if X is not regular. The second projection
Consider the case where f is the morphism Z → C. The fiber of the point c i (1 ≤ i ≤ n) is irreducible and the multiplicity of its generic point is l.
To see that the sequence (2) is exact, it suffices to show that condition 4 in Proposition 1.5 is satisfied. Let X ′ be a connectedétale covering of X(= Z). This covering corresponds to a connectedétale covering of Y ′ which does not induce an extension of the residual field of the generic point of the fiber of the image of each point (c i ,
Therefore, the normalization of C in the function field of X ′ isétale over C.
An application to morphisms to curve
In this section, we apply Proposition 3.7 to morphisms from smooth varieties to smooth curves over a field of characteristic 0. for the property of a profinite group defined as follows: A profinite group G has the property P ∃։∞ if, for an arbitrary open subgroup H ⊂ G of G, there exists a prime number l H such that there is no quotient of H which is free pro-l H and not topologically finitely generated.
Let k be a field of characteristic 0, S a smooth curve over k, X a normal scheme of finite type and geometrically connected over k, and f a dominant morphism from X to S over k. Write N X/S for the normalization of S in the function field of S in the function field of X and S ′ for the maximaĺ etale subextension of the finite dominant morphism N X/S → S. Thus, we have a natural factorization f : X → N X/S → S ′ → S. Let η be a geometric generic point S ′ . Write X η for the scheme X × S ′ η. Take a geometric point x of X η . 1. The morphism f ′ : X → S ′ is surjective and the scheme X η is connected. Moreover, the greatest common divisor of the multiplicities of the irreducible components of each closed fiber of f ′ is 1.
2. The scheme X η is connected and the sequence ofétale fundamental groups
is exact.
3. The group Ker(π 1 (X, x) → π 1 (S, x)) has the property P ∃։∞ .
Then it holds that 1 ⇒ 2 ⇒ 3. If the scheme S is neither a proper rational curve nor an affine line, it holds that 3 ⇒ 2. If the scheme S is not proper rational and X is regular, it holds that 2 ⇒ 1.
Proof. The implications between conditions 2 and 3 are results of Hoshi (cf. [Ho2] Theorem 2.8). We show the rest of Theorem 4.2. Suppose that condition 2 is satisfied, and the scheme S is not proper rational. By Theorem 1.11 and Proposition 3.7, it suffices to show that the morphism f ′ is surjective. Since N X/S = S ′ , the scheme S ′ satisfies the property (T) by Lemma 2.6. Therefore, if we can take a point of complement of the image of f ′ in S ′ , there exists a finiteétale covering of X such that condition 4 in Proposition 1.5 does not hold. But this contradicts the assumption that the sequence (3) is exact.
Remark 4.3. By [Ho2] Remark 2.5.1, a topologically finitely generated profinite group satisfies the property P ∃։∞ . Suppose that S is a hyperbolic curve over k and that X is regular. Since the profinite group π 1 (X η , x) is topologically finitely generated, the conditions in Theorem 4.2 hold if and only if the group Ker(π 1 (X, x) → π 1 (S, x)) is topologically finitely generated.
Remark 4.4. If we drop the assumption that the scheme X is regular, the implication 2 ⇒ 1 does not hold (cf. Example 3.8.2).
Generalities on (F)
We discuss generalities on (F) without proofs.
Let k be a field and Definition 5.4. We say that the inclusions {ι i } satisfy the property (F') if the following condition is satisfied: For any subfield l of the product ring 1≤i≤n K i which is algebraic over the diagonal subfield k defined by ι i , the extension k ⊂ l is separable.
Example 5.5. The property (F) implies the property (F'), but the property (F') does not imply the property (F). Consider the inclusions
Then the field extension F p (X + Y, XY ) ⊂ F p (X, Y ) is separable and the field F p (X, Y ) contains the field F p (X, Y p ) which is inseparable over the field
Notation 5.6. Let k ⊂ K ′ be an extension of fields. Write k ′ for the algebraic closure of k in K and k ′ n the normal closure of k ′ over k (i.e., minimal normal extension field of k which contains k ′ ). We write k ′ p for the field k ′ n ∩ k p −∞ .
Lemma 5.7. Let k, K ′ , k ′ , and k ′ p be as in Notation 5.6. Write k ′ s for the separable closure of k ′ , k ′ s,n the normal closure of k ′ s over k, and k ′ s,p for the field k ′ s,n ∩ k p −∞ .
2. Write k s for the separable closure of k in k ′ s . Then k s and k ′ s,p are linearly disjoint and k ′ s,n = k s k ′ s,p .
Remark 5.8. We obtain fields k i,p (1 ≤ i ≤ m) from the inclusions {ι i }.
Note that we can not consider the intersection of k i (1 ≤ i ≤ m) (cf. Lemma 5.3) but the intersection of k i,p (1 ≤ i ≤ m).
Lemma 5.9. The inclusions {ι i } satisfy the property (F) if the intersection of k i,p (1 ≤ i ≤ m) coincide with k.
Let s ∈ S be a point whose local ring is of dimension 1. Suppose that the point s does not specialize the image of η ′ . Let ξ 1 , . . . , ξ n be generic points of the scheme f −1 (s). Write e i for the multiplicity of ξ i and k(ξ i ) (resp. k(s)) for the residual field of ξ (resp. s). Then gcd (e 1 , . . . , e n ) = 1 and the inclusions k(s) ֒→ k(ξ i ) satisfy the property (F).
Proof. Corollary 6.3 follows from Remark 6.1.2 and Remark 6.2.1.
We need an ad hoc condition to make the sequence (6) exact by Remark 6.1.3 and Remark 6.2.2. • The morphism f is flat or the scheme S is regular.
• f satisfies the property (R).
• For any connected finiteétale covering X ′ → X and any S-morphism η ′ → N X ′ /S , the scheme η ′ × N X ′ /S X ′ is connected. (Here, we write N X ′ /S for the normalization of S in the algebraic separable closure K X ′ /S of the function field of S in the function field of X ′ .)
Then the sequence (6) is exact.
Proof. It suffices to show that the implication 4 ⇒ 3 in Proposition 1.5 follows if we replace η by η ′ . Since the number of the connected components of the scheme X η ′ × X X ′ = η ′ × S X ′ = (η ′ × S N X ′ /S ) × N X ′ /S X ′ coincides with the covering degree of N X ′ /S → S by the third condition, the assertion follows.
